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Film Model Approximation for Particle-Diffusion-
Controlled Multicomponent lon Exchange

GIORGIO CARTA* and REBECCA K. LEWUS
DEPARTMENT OF CHEMICAL ENGINEERING

UNIVERSITY OF VIRGINIA

CHARLOTTESVILLE, VIRGINIA 22903-2442, USA

ABSTRACT

A film-model approximation is devel oped to predict multicomponent ion exchange
in spherical particles. Mass transfer is represented by pseudosteady-state diffusion
through a stagnant film of thickness equal to one-fifth of the particle radius. An exact
analytic solution is found for the case of homovalent exchange and an approximate
solution for the case of heterovalent exchange. Results obtained from the exact solu-
tion of the Nernst—Planck model are compared to those obtained using the film-model
approximation for the case of ternary exchange in infinite-batch and fixed-bed sys-
tems. The predictions based on the film-model approximation are in good agreement
with the exact solution for both homovalent and heterovalent ion exchange, indicat-
ing that the film-model approximation can be used effectively in numerical simula-

tions of complex ion-exchange systems.

Key Words. lon exchange; Nernst—Planck model; Linear driving force ap-

proximation

INTRODUCTION

It is well known that in ion-exchange processes the effective intraparticle
diffusivity isastrong function of composition (1). Generally, for ion exchange
on a fully ionized resin, intraparticle diffusion rates are described by the
Nernst—Planck equations. Accordingly, the flux of an ion is the result of two
additive contributions: one proportional to the ion concentration gradient and

* To whom correspondence should be addressed.
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the other proportional to the electrical potentia gradient that devel opswhen the
diffusivities of the exchanging counterions are different. The prediction of ion-
exchange rates using these equations has been addressed by several authorsfor
both binary (2, 3) and ternary systems (4). The corresponding flux equations,
however, are complicated and, in general, have to be solved numerically to-
gether with the particle conservation equations in spherical coordinates. This
sometimesresultsin an unmanageable numerical complexity which hindersthe
implementation of effective codes for the smulation of complex systems (5).

Simplified approaches for the prediction of ion-exchange kinetics have been
developed by severa authors. For example, for the case of binary exchange,
Rendueles delaVegaet d. (6) suggested the use of a constant “ corrected Fick
diffusivity” whose valueis determined empirically by matching anumerical so-
lution of the constant-diffusivity model to the numerical solution of the exact
model. For the case of multicomponent exchange, Melis et al. (5) developed an
approximation based on the assumption that the intraparticle concentration pro-
files are parabolic. This approximation was shown to be adequate for moderate
values of the diffusivity ratios of the exchanging counterions. However, this ap-
proach fails when the diffusivities are very different since in this case the con-
centration profiles are far from parabolic (7). More recently, Cartaet al. (7) de-
veloped afilm model approximation for binary exchange which was shown to
correctly predict the effects of the electric field on the exchange kineticsfor both
high and low values of the diffusivity ratio. Numerical results obtained for bi-
nary exchange in batch and column systems were shown to be in good agree-
ment with those obtained from the numerical solution of the exact model.

In this paper we provide an extension of the film-model approximation to
multicomponent systems. An exact analytic solution of the film-model equa-
tionsis obtained for the case of homovaent exchange, yielding an explicit ex-
pression for theion flux as afunction of the average resin loadings and the sur-
face concentrations. An approximate solution is also obtained for heterovalent
exchange. In both cases, test numerical results obtained for ternary exchangein
batch and column systems are found to be in good agreement with predictions
based on the exact model, indicating that the film-model approximation can be
used effectively in numerical ssmulations of complex ion-exchange systems.

THEORETICAL DEVELOPMENT

Multicomponent Model Development

We consider acompletely ionized ion-exchange resin with M exchangeable
counterions. The flux of ion i is described by

D
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where ¢ isthe electrical potential gradient. In dimensionless form, this equa-

tion can be written as
s__1 (% . 9
se L (2 gy %) @
wherle = ziJirp/Iquo isadimensionlessflux, y; isthe equivalent fraction of
ioni, p = r/rpisadimensionlessradial coordinate, and ¢ = IG/RT isthedi-
mensionless electrical potential. The parameter a; = DA/D; istheratio of ion

diffusivities for a reference counterion A and ion i. Electroneutrality and the
condition of no net current transport yield the following equations:

ii yi=1 (©)

J =0 (4)

Combining Egs. (2)—4) givesthe following expressions for the flux:

M—1
s_ o 1M
J = ,-Z o (5
;@_L%y
1 _1_“ ;“ M (5a)
Qi Q iz
k; o kYk
1(1 1
L a(;j - m) ZYi
Pl (5b)
1)

These flux equations are used in conjunction with the relevant conservation
eguations and boundary conditions which may be written as follows.

For the particles:

N _ 1 9 o

oT p2 ap (p Ji ) (6)
p=0: 3—32=0 (6a)
p=1 Y=y (6b)
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=0 yi=yP (6¢)
yi =3 S yip“dp (6d)

where = tDa/r jisadimensionlesstime and y; and y? are the interfacial and
initial ionic fractions of ion i, respectively.

For acolumn:
S—ZE + %—z =0 (7)
Do ey, (72
£=0.  x=xi (7b)
T=0 §i=y (7c)

wheret’ =1 — £/A, £ = ADaz/urj, and A = (1 — &)qo/eCo. External mass
transfer resistances and axial dispersion are neglected in these equations. For
anideal system, y; isrelated to the fluid-phase equivalent fraction by the mass
action law:

o\ )P )
KiyA<co) T (YA ()™ ®)

Dimensional forms of these equations can befound in Ref. 1. A numerical so-
lution is generally required, and in this work it was obtained by finite differ-
ences as discussed by Cartaet a. (7).

Film-Model Approximation

The film-model approximation is based on the recognition of the fact that
for adsorption and ion-exchange calculations, the intraparticle mass transfer
resistance can be represented by the resistance offered by aflat solid film of
thickness equal to £ of the particle radius through which pseudosteady-state
diffusion occurs (7, 8). For constant diffusivity cases, this representation pro-
vides a result mathematically equivalent to the well-known linear driving
force approximation (LDF) (9). Accordingly, the rate of mass transfer is pro-
portional to the difference between the solute concentration at the adsorbent
particle surface and the average concentration in the particle. However, as
shown by Carta and Cincotti and Carta et a., even when the diffusivity varies
with composition, integration of the pseudosteady-state conservation equa-
tions across the film provides useful quantitatively predictive rate equations.
In this case a correction factor dependent on both surface and average con-
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centrations, is multiplied times the linear driving force term to obtain the ap-

propriate rate equation.

Thefilm-model approximation for anion-exchange system with M counter-
ions can be derived from Eq. (2) following atreatment similar to that of Wild-
hagen et a. (10). Assuming pseudosteady-state diffusion across the film, we

have
dJy
dp
Combining Egs. (2) and (9) givesthe differential equation
2, 2
with boundary conditions

0

p=1 V=Y
1 =
p=1-% Y%=V
Summing Eq. (10) over all counterions gives the result

Fo __gady
dp? ,-Z Z dp?

Exact Solution for Homovalent Exchange

For the case of homovalent exchange, Eq. (11) reducesto

d%e
— =0
dp?
or
Zo=mp+b
Combining Egs. (2), (9), and (13) yields
dyi _
d—p + my; = i

(9)

(10)

(10a)

(10b)

(11)

(12)

(13)

(14)

where v; is an integration constant. This equation can be integrated across the

film with boundary conditions (10a) and (10b) giving
~ m(yi —yre™)

i 1— em/5

(15

MaRcEL DEKKER, INC.

270 Madison Avenue, New York, New York 10016

Copyright © Marcel Dekker, Inc. All rights reserved.

)



Downl oaded At: 11:05 25 January 2011

ORDER ||l REPRINTS

2690 CARTA AND LEWUS

The constant mis then obtained by imposing that the sum of the fluxes for all
counterions is zero. After some algebraic manipulations we obtain

M
Yiloy
m=5xIn|~ (16)
Zyj*/oq
=
M M M
VLT y,*( y-/a-) - yi( y-*/a-)
. c j; i1 jZl j J_Z i1
N (17)

Qi M M M
2 0 | ( 3, vite) = 3 )

Finally, the film-model rate equation is obtained by combining Eq. (17) with
an overall balance for the particle (ay;/0T = —3J;), yielding

M M . . M
s | 20 L2 (2
oT Qj M o M . M N

J_ZYJ/("J <j;yj/0lj)_<jz‘yl J)

When the diffusivities are all equal, Eq. (18) reducesto the classical LDF ap-
proximation ay;/ot = 15(Y; — ¥;). However, when the diffusivities are dif-
ferent, Eq. (18) describes the effect of varying resin-phase composition on the
coupled transport process. For batch ion-exchange with a constant surface
composition, Eqg. (18) can be integrated directly. For other situations, EQ. (18)
is coupled to the appropriate conservation equations, for example, Eq. (7) for
afixed bed, replacing the partial differential equationsfor the particles (Eq. 6)
with ordinary differential equations.

(18)

Approximate Solution for Heterovalent Exchange

An exact solution of the film-model equations for heterovalent exchangeis
apparently not possible. However, an approximate sol ution can be obtained by
taking the electrical potential gradient to be equal to the average electrical po-
tential difference acrossthe film divided by the film thickness. Integrating Eq.
(11) across the film gives the following result:

Ae _ el s v lg)_
75" 5<J-: 7Y J-Zz-y’>‘m 19
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Taking do/dp ~ 5A¢ givesthe following result for the flux of ion i:

_z m'(vi— yi e"s")

¥ = Qi 1— emals

(20)

The constant m’ is obtained by imposing that Eq. (4) is satisfied, which yields

M Zj (yJ — y}kem’zjls) B
Y 1o an =0 (21)

A trial-and-error procedure is needed to find the value of m' that satisfies this
eguation.

RESULTS AND DISCUSSION

In order to ascertain the usefulness of the film-model approximation for
multicomponent ion exchange, numerical calculations were performed for a
ternary system (A, B, C) for batch exchange in ainfinite batch and for afixed
bed with constant initial and feed concentrations.

Figure 1(a) showsthe average resin loading for batch exchange for the case
of diffusivity ratios equal to 1. Theresin is assumed to be initially in C-form.
In this case the film-model approximation coincides with the LDF approxi-
mation and, as expected, the predicted profiles are in reasonable agreement
with those obtained from the numerical solution of the exact model, Egs.
(2)«6). Figure 1(b) shows a comparison of the film-model prediction and the
numerical solution of the exact model for diffusivity ratios Da/Dg = 0.1 and
Da/Dc = 0.01. These ratios imply that A is the slowest counterion and C is
the fastest. Since the resin is assumed to be initially in C-form, exchange of
the faster counterions C and B occurs rapidly for short times. This causes an
overshoot of the B average concentration in the particle above the final equi-
librium value (0.5 in this case). For longer times, essentially all of the Cisre-
moved from the resin and counterdiffusion of A and B occurs slowly, being
largely controlled by the low diffusivity of A. Theresults of the numerical so-
lution of the exact model and those of the film model approximation are again
In reasonable agreement, indicating that this approximation can be used as a
simplified rate law for multicomponent ion-exchange calculations. Resultsfor
binary exchange were obtained previously by Cartaet a. (7), and similar con-
clusions can be expected for systems with more than three counterions.

Figure 2 shows averageresin loadingsfor the case of heterovalent exchange
With za = zc = 1, zg = 2, Dao/Dg = 11.4, and D /D¢ = 0.0667. These val-
ues correspond to an experimental system considered by Y oshidaand Kataoka
(4) involving the exchange of Na*™ (A), Zn®* (B), and H™ (C) on astrong-acid
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>

0.4

02 [

Exact solution
--------- Film model

0.0 b—
0.00 0.02 0.04 0.06 0.08 0.10

_ 2
1=tD A/ A

FIG.1 Comparison of exact solution of Nernst—Planck model and film model approximation
for ternary batch exchange in an infinite bath with yQ = y§ = 0 and y = y& = 0.5. (a) Equal
diffusivities, ag = ac = 1; (b) unequal diffusivities, ag = 0.1, ac = 0.01.

cation exchanger. Figure 2(a) shows the results for amixture of A and B dis-
placing C, while Fig. 2(b) shows the results for a mixture of B and C displac-
ing A. In both cases the solution of the film-model approximation and the nu-
merical solution of the exact model are in satisfactory agreement. The latter,
of course, ismuch simpler, requiring only the solution of asystem of threg.ors pex«er inc. ﬂ
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dinary differential equations. The numerical solution of the exact model isin
good agreement with the results of Y oshida and K ataoka.

In the batch exchange the film model tendsto underpredict the rate for short
times and to overpredict it for long times. This occurs because for short times

1.0

0.8

0.6 If
>

0.4

0.2

0.0

DA/DB=1 1.4, DA/DC=0.0667 a
z A=zc=1 s zB=2

Exact solution
--------- Film model

0.0 0.1

1.0

0.2

0.3 0.4 0.5 0.6 0.7 0.8

0.8
06 I
0.4 Hf\:

0.2

D,/D,=11.4, D,/D_=0.0667 b

Exact solution
--------- Film model

FIG. 2 Comparison of exact solution of Nernst—Planck model and film model approximation
for ternary batch exchange in an infinite bath withzy = zc = 1, zs = 2, ag = 11.4, and ac =
0.0667. Conditions correspond to the experimental system of Y oshidaand Kataoka (4). (a) Resin

0.4 0.6 0.8 1.0
. 2
T-tDA/rp

Copyright © Marcel Dekker, Inc. All rights reserved.

initially in C-form: yQ = y2 = 0, ya = y& = 0.5; (b) resininitially in A-form: y3 = y2 = 0, y&

=yc=05.
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the depth of penetration predicted by the exact model islessthanthevaluery/5
assumed by the film model. Astime progresses, the depth of penetration pre-
dicted by the exact solution becomes greater than r,/5. On the average, how-
ever, the film model isin reasonable agreement with the exact solution.
Figure 3(a) shows the breakthrough behavior in a fixed bed for the same
system asin Fig. 1(a) assuming equal diffusivities, predicted using the film-

1.0

a D,/D~1,D,/D =1
2\=2572¢ =

0.8 +

0.6 f

Exact solution
......... Film model

0.4

02 ¢

0.0 L '
0.0 0.5 1.0 1.5

_ 2
1=tD A/ r

1.0

b p,/D,=0.1,D,/D=0.01
ZA=ZB=ZC
0.8 f

0.6 |

.. Exact solution
04 F ™\ N Film model

02t 3 R,

0.0

0.0 0.5 1.0 1.5
_ 2
't—tDA/rp

FIG. 3 Comparison of exact solution of Nernst—Planck model and film model approximation
for ternary exchangein afixed bed with x% = 0.57,x3 = 0, x5 = 1, A = 75, and £ = 0.667. (a)

Equal diffusivities, ag = ac = 1; (b) different diffusivities, ag = 0.1, ac = 0.01. Marcer Dexer, Inc.
270 Madison Avenue, New York, New York 10016
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model approximation and the exact model. Selectivity coefficients were as-
sumed to be Kg o = Kca = 0.333. The resin was assumed to be initialy
loaded with amixture of A and C and isdisplaced by ion B. As expected from
the LDF approximation, the film-model approximation is in good agreement
with the numerical solution of the exact model. Figure 3(b) showsthe samere-
sult for the case of diffusivity ratiosDa/Dg = 0.1 and Da/D ¢ = 0.01 asinFig.
1(b). In this case, as aresult of the higher diffusivities of B and C, a sharper
wave corresponding to the exchange of B and C ions is observed at short
times. For longer times, when C is essentially completely eluted from the bed,
the exchange of A and B continuesto occur at aslow rate, giving rise to shal-
low effluent profiles. As seen in Figs. 3(a) and 3(b), the agreement between
the film model and the exact solution for the fixed bed is, in fact, better than
inthe batch. Thisisbecause, during the development of the masstransfer zone
in the resin bed, the overprediction of the exchange rates by the film model at
the upstream end of the column (comparable to long times in the batch sys-
tem) compensates for the underprediction of the exchange rates at the down-
stream end of the column (comparable to short times in the batch system).
Thus, the effluent concentration given by the film model is in substantial
agreement with the exact solution at all times and appears to capture quantita-
tively the effect of electrical coupling of the diffusion fluxes while providing
acomputationally ssimple rate law.

CONCLUSIONS

A new approximate rate equation has been obtained for multicomponent
ion exchange. The approximation is based on an equivalent film-resistance
model. When used to predict batch uptake kinetics and fixed-bed ion-ex-
change behavior, thismodel is shown to provide results of accuracy compara-
ble to that obtained when using the classical LDF approximation for systems
with constant diffusivity. While the agreement of the film-model approxima-
tion and the exact numerical solution is not perfect, in general the results are
deemed to be of sufficient accuracy for practical fixed-bed calculations, espe-
cialy in view of the significant ssimplification of the computational effort
which is afforded by using the new approximate rate equation.

NOMENCLATURE

concentration of speciesi (mol/L)

equivalent concentration (equiv/L)

ion diffusivity of speciesi in the exchanger (cm?/s)
Faraday constant

equivalent flux of speciesi (equiv/cm?-s)

dimensionless equivalent flux of speciesi (= rpziJi/Dado)

C3~Is¥e

*

AN &
>

selectivity coefficient for exchange reaction Marcer Dexker, INc.
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o] concentration of speciesi in exchanger phase (mol/L)

do exchanger capacity (equiv/L)

r particle radia coordinate (cm)

o particle radius (cm)

N ideal gas constant

t time (9)

T temperature (K)

v fluid velocity (cm/s)

z bed length or axial coordinate (cm)

Z; charge of speciesi

Xi equivalent fraction of speciesi in solution (= zC;/Cy)

X! equivalent fraction of speciesi in feed solution

Vi equivalent fraction of speciesi in exchanger phase (= zq;/qo)
Yi average equivalent fraction of speciesi in exchanger phase
yi equilibrium equivalent fraction of species i in exchanger phase at

particle surface

Greek Letters

diffusivity ratio (= DA/D;)

defined by Egs. (5a) and (5b)

bed void fraction

electric potential (V)

dimensionless electrical potential (= I¢/NT)

bed capacity factor [= (1 — £)qo/eC]

dimensionless radial coordinate (= r/rp)
dimensionlesstime (= Dat/r?)

dimensionlesstime (= 7 — &/A)

dimensionless axial coordinate (= Da (1 — &)qoz/r 56C ov)

2

-6 o ® R

~

O
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